The concepts of /¿-closure, »¿-boundary and weak /¿-ideals are introduced and necessary and sufficient conditions that an ideal be a /¿-ideal are given. These conditions are applied to monk and monic free /¿-ideals. Also, it is shown that the ascending chain condition holds for monic ideals, but not for monic free ideals, and that a semiring S is Noetherian if and only if S[x] satisfies the ascending chain condition for monic ideals.
1. Introduction. Monic and monic free ideals in a polynomial serniring were introduced in [1] and structure theorems were given for monic ideals and monic free fc-ideals in a strict polynomial semiring. In this paper, the theory of monic and monic free ideals will be applied to the concept of the Ac-closure of an ideal and necessary and sufficient conditions that an ideal be a A>ideal will be given. The concepts of /c-boundary and weak Ac-ideal are introduced. Also, monic and monic free ideal theory will be applied to Noetherian semirings and the Hubert basis theorem.
2. Fundamentals. The concepts of half-ring, nearring, hemiring and semiring all appear in the literature, and what is universally true about them is that they are all something "less" than a ring. For this paper, a semiring will be a set S together with two binary operations called addition (+) and multiplication (•) such that (S, +) is an abelian semigroup with a zero, (S, •) is a semigroup, and multiplication distributes over addition from both the left and the right. A semiring S is said to be commutative if (S, •) is a commutative semigroup and 2.3. Definition. An ideal / in a semiring S will be called a Ac-ideal if ae/,¿ESanda + 6 6/ imply b E I.
Examples of monic ideals, monic free ideals and Ac-ideals are found in [1] . Throughout this paper, unless otherwise stated, S will be a commutative semiring with an identity and S[x] will be the semiring of polynomials over S in the indeterminate x.
3. Monic and monic free Ac-closures. In a ring, every ideal is a /c-ideal. However, not every ideal in a semiring is a Ac-ideal but every ideal is contained in a Ac-ideal. Thus it is reasonable to give consideration to the Ac-closure of an ideal.
3.1. Definition. Let A be an ideal in a semiring S. The ideal Jk = n{B\B is a Ac-ideal and A C B)
will be called the Ac-closure of A.
Since the semiring S is itself a /c-ideal, it follows that A~k # 0 for any ideal A in S. By definition, it is always the case that A c Ak. If A is a /c-ideal, then Ak C A and it follows that A = Ak. Consequently, an ideal A is a Ac-ideal if and only if A = Ak. It is clear that Ak is the smallest Ac-ideal containing A. Now let A be an ideal in S[x]. In order for A to be a Ac-ideal, A must have the following property: given polynomials f E A and g E S[x] such that / + g E A, it follows that g E A. It may happen that A is not a /c-ideal but has this property for all polynomials of a certain degree. Thus, if A is not a /c-ideal one can try to determine the largest integer n, if it exists, such that A is a /c-ideal with respect to all / E A with degree / < n. If no such n exists, one can look for the smallest ideal B containing all/ E A with degree/ < n, such that B is a /c-ideal with respect to polynomials of degree less than or equal to n. This is formalized in the following definitions.
3.2.
Definition. An ideal A in S[x] will be called a weak Ac-ideal if there exists an integer n such that A is a /c-ideal with respect to all/ £ A with degree / < n. The largest such integer, if it exists, will be called the Zc-degree of A. If no such integer exists, then A is said to have Zc-degree oo.
It is clear that if A is a /c-ideal, then A must have Ac-degree oo. Also, every Ac-ideal is a weak Ac-ideal, but not every weak Ac-ideal is a Ac-ideal.
3.3. Definition. Let A be an ideal in S[x], n a fixed integer, and Afn = {/|/ E A and degree/ < n).
The ideal
Akn = H {B\B is a weak Ac-ideal with Ac-degree at least n and A* C B)
will be called the weak Ac-closure of A, or the /enclosure of A.
Since the Ac-closure of A has Ac-degree greater than n, it follows that Ak # 0. It is clear that Ak is a weak Ac-ideal with Ac-degree greater than or equal to n. For any ideal A, {A A is an ascending chain of sets and A = UAj. Consequently, {Ak } is an ascending chain of ideals and lim Ak = UAk . While it is true that an ideal A is always contained in its fc-closure, it is not generally true that A is contained in its A:n-closure. Since Af c A^, it is clear that (Af ), the ideal generated by A,, is contained in A~k . products, say h¡g¡, must produce a term of degree (2À + \)n, since (anxn) appears on the left side of (1). From A(g() = c¡, it follows that gi = bmxm + bm_cxm-«+---+ b0.
Moreover, h¡ must contain a term of degree (2X + \)n -m. Now multiplication of g¡ by this term produces a term of degree (2X + \)n and a term of degree (2A + l)n -c¡. Since S is a strict semiring, none of these terms can vanish. Consequently, the right side of (1) contains a term of degree (2X + l)n -c¡. Since (2X + \)p > n > c¡, it follows that
The second highest degree term on the left side of (1) is (2X + l)(n -p). Hence a term of degree (2A + l)w -c, cannot appear on the left side of (1) because of (2), a contradiction. Therefore /^ £ (At) and (.4,) ^ A. Let h, h 4-g £ (A,) and suppose that deg h < n and deg(/i + g) < n. Since A is a Ac-ideal, it follows that g E A. Now S being a strict semiring implies that S[x] is a strict semiring. Consequently, deg g < deg(/i + g) < n, since no terms of the sum h + g can sum up to zero. Therefore g E A, and (A^) is a weak Acideal. Next, let h = anx", g = an_pxn~p + •■• + a0 and /T =" A2t+1 + g2r+1 with/0 £ A,. It was shown above that there exists a X such that/x g (4^). Now consider (/0) and continue as above. This process must stop since there exists a X such that/x £ (At)-If deg/A = f» t^ien t^le Ac-degree of (At) is less than /. Since A is a Ac-ideal, it is clear that (Aj) is a weak Ac-ideal with Ac-degree at least n. Now (A¡) is the smallest weak Ac-ideal containing A^ and it follows that (Af) = i~v " It is worthwhile to note that the Ac"-closure of an ideal is not unique. That is, it is possible that Ak = Ak when m J= n. Proof. Let lim Ak = K. Since {Ak } is an ascending chain of ideals and K = U Ak , it follows that K is an ideal. Now if /and/ + g E K with degrees m and n, respectively, then/and/ + g £ Ak , where / = max{m,/i}. Consequently, g £ Ak¡ C A and A is a Ac-ideal. From ^ C Ak¡¡ C A" for each n, it follows that A = UA^C \JAki¡ = K. Now K being a Ac-ideal containing A and ^ being the smallest Ac-ideal containing A, together imply that Ak C K. Also, Ak C Ak for each n, and it follows that K = U ^ C ^"fc. Consequently, A k = K and the results follow.
At this point, recall from [1] that if F is a monic free Ac-ideal in S[x], S a strict semiring, then every basis for F is infinite. Also, if F is a monic Ac-ideal, then F necessarily has a basis B consisting of elements of the form ax', a £ S. If S is a Noetherian semiring (that is, S satisfies the ascending chain condition on ideals), then B is finite even though S[x] is not necessarily Noetherian. These remarks help in the proof of the following theorem.
3.7. Theorem. Let S be a semiring. An ideal A in S[x] is a k-ideal if and only if lim Ak = A. If A is a monic free k-ideal and S is strict, then {Ak) is an infinite, proper ascending chain. If A is a monic k-ideal and S is Noetherian, then {Ak} is a finite chain.
Proof. If A is a Ar-ideal, then A = Ak = lim Ak . On the other hand, if lim Ak = A, then it follows from Lemma 3.6 that A is a Ar-ideal. Now if A is a monic free /c-ideal and 5 is strict, then Lemma 3.5 assures that for any /i, (A,) ¥= A and (At) = Ak¡¡. Hence, there exists a g E A such that degg = p > n and g £ C4/")-Consequently, (A,) is properly contained in (Aj) and it follows that {Ak } is an infinite, proper ascending chain. Next, suppose that A is a monic /c-ideal and S is Noetherian. Then A has a finite basis B consisting of polynomials of the form ax'. Let n be the maximum of the degrees of these polynomials and consider A* . Since A is a A>ideal and B C Ajn, it follows that A = (AjJ = Akn, and {AkJ is finite.
If A is not a Ar-ideal, a method of determining the A>closure of A is needed. If it is possible to determine the collection of all /c-ideals containing A, then it only remains to find the intersection of this collection. If this is not possible, then consideration should be given to the Ar-boundary of A.
3.8. Definition. Let E be an ideal in a semiring S. The set
£" = {x E S|there is an a E E such that a + x E E)
is called the Ac-boundary of E.
3.9. Theorem. // E is an ideal in S, then E' is a k-ideal in S and E C E'.
Proof. Given xx and x2 E E' there are elements a, and a2E E such that a, + x, E E and a2 + x2 E E. Since ax + a2 E E and (a, + xx) + (a2 + x2) = (¿j[ + a2) + (xx + x2) E E, it follows that (xx + x2) E £". If b E S, then b(ax + xx) = bax + bxx E E. Consequently, bxx E £" and E' is an ideal. Now suppose that x E E',y E S and x + y E £". Then there exists u and v E E such that x + u E E and (x + y) + v E E. Now (x + u) + v E E and [(x + y) + v] + u E E. But [(x + y) + v] + u = [(x + u) + v] + y. Consequently, y E E' and £" is a kideal. If e E E, then 0 + e E E and it follows that e E E' and E C E'.
Corollary. An ideal E in S is a k-ideal if and only if E = E'.
Proof. If £ is a Ar-ideal, it is clear that E' C E and Theorem 3.9 assures that E = £". On the other hand, if E = E', Theorem 3.9 assures that E is a /t-ideal. 3 .11. Corollary. // E is an ideal in S, then E' = Ek.
Proof. Theroem 3.9 gives that E' is a /c-ideal containing E. Consequently, Ek C E '. But any A>ideal containing E has to contain the Ar-boundary of E. Thus E' C Ek and it follows that £" = Ek. . Now /l^ = 0 and Aj = {¿»(x2 + 1)} since A contains no polynomials of degree 1 and x1 + 1 is the only polynomial of degree 2 in the basis for A. Since A is a monic free Ac-ideal, Lemma 3.5 assures that (Afi) = Ak = (x2 + 1) is a weak Ac-ideal of finite Ac-degree. Clearly x6 + 1 ^ g(x)(x2 + 1) for any g(x) E Z +[x] and it follows that x6 + 1_£ Ik%, But (x2 + l)3 = (x6 + \)_+ 3x2(x2 + 1) £ Aki and 3x2(x2 + 1) £ Aki. Consequently, the Ac-degree of Ak is less than six. It is clear that any polynomial in A of degree t, where t < 5, is in the ideal Ajç = (x2 + 1). Therefore the Ac-degree of Ak is 5. Also, it follows that Aki = Ak -Akt = Ak{ Again, since A is a Ac-ideal Ak = (x2 + 1) + (x6 + 1) is a weak Ac-ideal of finite Ac-degree and Ak c Ak . It can be shown in the same manner as above that the Ac-degree of Ak is 9. In general, the Ac-degree of Akt^ is 4/j + 5. Continuing in this manner, one can obtain a proper infinite ascending chain of weak Ac-ideals {Ak }, each with finite Ac-degree, whose limit is A.
These examples illustrate that an ideal in a polynomial semiring may be a Ac-ideal, a weak Ac-ideal, or neither.
is a Noetherian semiring, will S[x] satisfy the ascending chain condition for monic ideals? Will S[x] satisfy the ascending chain condition for monic free ideals? The answer to the first question is yes while the answer to the second is no. To see this, note that any monic free Ac-ideal in a polynomial semiring S[x] over a strict semiring S can be written as a proper infinite ascending chain of ideals. This remains true even though the semiring S may be Noetherian. Consequently, S[x] cannot have the ascending chain condition for monic free ideals. A consequence of this is that the Hilbert basis theorem is not true in general for semirings. Thus, the class of monic free Ac-ideals in a polynomial semiring over a Noetherian strict semiring will provide the necessary counterexamples. For example, Z+ is a Noetherian strict semiring. It is obvious that Z+ is a strict semiring. A proof that Z+ is Noetherian may be found in [2] . But Z+ [x] is not a Noetherian semiring since the ideals {An}, where A0 = (x2 + 1) and An = (x4"+2 + 1) + An_x, if n > 1, is a proper infinite ascending chain of ideals inZ+ [x] . Now in the case of monic ideals, not only will S[x] satisfy the ascending chain condition for monic ideals, but the converse is also true. Before proving this, a few preliminaries are necessary.
Let A be an ideal in S[x] and A¡ = {a E S|there is/ E A such that ax' is a term of/}.
It is easy to show that {/I,} is an ascending chain of ideals in S. These ideals are called coefficient ideals. Proof. Let S be Noetherian and {An} be an ascending chain of monic ideals in S [x] . Consider the corresponding coefficient ideals [Ant] in S. It is clear that these ideals form a double array of ascending ideals, i.e. if i < n and/ < m, then Au C Anm. Now consider the diagonal {Akk} of this array. These ideals form an ascending chain and S being Noetherian assures that there exists p such that Akk = A for all Ac > p. Let A» be an ideal such that i,j > p and let q = max(/',/}. Then p < / < q &ndp </ < q and it follows that A Q A¡j C A . Consequently, Ay = A and it follows that Ay = Ak: for all /', Ac,/ > p. Now for each/ < p, {Anj) is an ascending chain and it follows that there exists «, such that An¡ = A"¡ for all n > «.. The study of monic and monic free ideals in polynomial semirings has given some insight into the structure of ideals in polynomial semirings. Any ideal in a polynomial semiring is either monic, monic free, or mixed. Consequently, the structure of these ideals is important. This was seen while establishing necessary and sufficient conditions for an ideal to be a Ac-ideal, and while investigating the chain condition for monic and monic free ideals.
